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SUMMARY

~

“~<An aerothermochkemical analysis of chumically active
surfaces lumersed Iin a high speed stream of an oxidizing gas mixture
is presented. The analysis applics tu turbulent flow over blunt
bodies whose surface material passes into the gaseous phase without
going through the liquid state. This rvepert 4o a-sequel-to the
ptcvtouauinvoaciga&ion-l- of laminar flow undar the same emwvivon-
mental conditiems., The theory is developed in gereral for a whole
class of sublimators and is ekem uppliied to the particular case of
graphite zombustion about which a great deal of fundamental data {s

available.
-
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ret mass flux of mixture at surface
molecular weight of mixture

molecular weight of (th species

free stream MHach number

atomic nitrogen

atomic oxygen

pressure

SLress tensor

partial pressure of ( th species

free stream pressure

first product species

second product species

stagnation pressure behind bow shuck
turbulent Prandt] number, see equation (l1)
mass averane velocity vector

heat absorbed by conduction into the body and/or
radiation away from the surface

diffusion velcecity vector

vif




251 PUGI TCATION RO. U-166 NOMERVCLATY

£

((‘tbw

o R
- B

W

<~ & ¢ & s ;-

DI T

flux o1 hect by difiugion and conduction
aeat of combustion at wall conditions
aistance from axis of symmetry to body surface

vatic of mass of atomlc species awm to unit mass of
chemical species ¢

effective Reynclds number for blumt bedies, see
equaition (31)

free stream Reynolds number based on budy radius
un;versal gas constant

entropy

time

temperature

wal!l temperature

component of velocity im X direction

iocal free stream value of K

component of velocity in Aa_ direction

rate of production of { th chemical species

tangentiz distance from stagnation point along Ludy
surface

distance normal to body surface
velocity ratio “fue
exponent used to trace influence of shear distribution

number of atoms of atomic species A per molecule of
molecular species ¢

viid




AS1 PUBLYZATION Nu, U-1bb ROMENCLATURE
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Tw wall shcar stress

Qb integral defined by vyuation (50)

VU integral defined by equation (42)
SUBSCRIPTS

e edge of boundary layer cunditions

5 property of fuel

( i Am fndices for (th . j tls , or stk the chemical species
property of atomic nitrogen
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property of first product

N

O

C}L property of molecular oxygen
R

EL property of second product
w

wall or body surface conditions

SUPERSCRIPTS
‘ reactaut or fluctuating component
h product
* stoichiometric conditions




SECTION 1

INTRODUCTION

The study of combustion prucesses requlres a blending of
complex chemical and tluid dynamical phenomena. Under certain
conditicns the i{nteractions between these fields can be minimized.
For example, if the speed of chewical reactions is rate controlling,
attention can be focused on chemical phenomena with little emphasis
on the accompaning flow conditions. Here the most difficult problem
tc be faced is that of adequately describing the chemical kinetics.
Generally, the detailed reuction steps are not well known, and even
if they are it is vnusual {f the corresponding specific reaction
rate coefficients are known within several orders of magnitude.

This difficulty is often circumvented by assuming either very fast
or very slow reactions. On the other hand, if diffusion and convec-
tion are rate controlling, prediction of combustion phenomena
depends largely upon the state of knowledge for the particular
viscous flow phenomenon {avolved.

Viscous flows can be classified as laminar, turbulent or
transitiun; forced convection or free convection; boundary laver or
wake flows. Of all the varioue combinations, laminar, forced con-
vectior, boundary layer flow lends itself most casily to mathematical
description. Although turbulent flow is nct nearly as well under-
ziood in detail, turbulent skin friction, mass transfcr, and hecat
transfer, under conditions of torced convection boundary layer flow,
can be predicted with some degree of success with the aid of a few
empirical constants obtained from experiments. It certainly does
not rank last among the various possible ccabinations of the above
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phoncmena, However, becavse the funcamentals remafn rather obscure
any a.tempt to make predictions is held in vrather lecw estecuw in some
cireles. Unfortunately,the engineer {s faced with turbulent flow
far more often than he can depend upon laminar flow. 1In the case
under consideration, the combustion of chemically active sublimating
surfaces, this is aven more likely tc be truc. Both the high sur-
facs itz perature and ths ~urfara mace fnjection should tend to

acs .=t

destabilize the lLaminar boundary layer. |

The laminar case was investigated by the author and
br. D. A, Docley, alsc of Aeronutronic Systems, Ine . (1)* The pre-
sent report should be regarded as a sequel to the previocus work.
Much the same approach is used {n the present analysis. In the gas
phase, diffusion is assumed to be rate controlling so that rhe chem-
ical reactions chosen tc represent the combustion process can be
considered to be nearly in equilibrium. At the surface a somewhat {
more general treatment is used., The solid surface combustion and ‘
sublimation reactions are considered to proceed {n such a way that
the products are swept away by diffusion and convection faster then
they are produced when the flux of species is high;, while if the
filux rate is low, the backscattering of products is sufficient to
approximate equilibrium. This amounts to aliowing either chemical
reaction or diffusion to be rate controlling at the surface under i
appropriate circumstances.

Ir {ts boundary layer aspects the present semi-empirical
theory uses an approach similar to that of Van Driest(2) ) yno
allowed for variations in density through the boundary layer in such

- A >,

a mauvner that the results reduce to the von Karman-Schoenherr
relationship for incemprexsaible skin friction. It has been puinted

out that there are several iurmulations for fncluding variable

density which can be made to reduce to the incompressible resultsﬁg)(lo)
but Van Driest's physical reasoning seems to have been_suificiently
good so that his results agree well with experiments. IL is

hoped that an extension of this method to thecase of combustion will
meet with some measure of success. However, until experimental
evidence is available the results obtained should be used with

caution.

* S{nce publication of that Tepurt a great deal of interest has
been stimulated in this field. Papers by Lees{4) and by Cohen,
Bromberg and Lipkis (5) treat similar chemical systems with
similar results.




SECTION 2

TEEArT LN sOULUARY

Although prediction of turbuleat boundary layer phenomena,
within the preszent state of knowledge, must be semi-empirical in
nature, wnalysis of the fundamentai equations helps form a logical
framework for physical rcasoning. The develupment of the funda-
menizl cquaticons ve¢ts on rthe conventional assumplion that the
conservaticu equations to. a continuum hold instantaneously. The
instaataneous value of each of the unkucwns is separated into the
sum of a mean and 3 fluctuatiag part. Introduction of such expres-
sions into the conservation cquations ror reacting gas mixtures and
averaging according to the Reynolds rules for time averages vield
average conservation equations which include correlations between
fluctuating compenents., The full 2quations which result are
presented {n Appendix A where the simplirications which can be made
prior to introducing the boundary layer assumptions are discussed.
As in the laminar analysis, it is assumed that diffusion due to
temperature and pressure gradicnts is aegligible compared to that
due to concentration gradients and that all diffusion coefficients
are equal. When correlations involving fiuctuations in molecular
transport terms are neglected according to the veasoning of
Appendix A and beundary layer assumptions are nade, i.e.,

My >> Why and N § small, the following bouudary layer
equ;%ions result in the mean steady state for blunt body cocrdinate
systems:
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Continuity for Molecvlar Species

) = = = NF R
_"ull— +‘TTBK""27' <§n Eﬂ_/gu\ lr.)Hm

Yl

In this and the following equations the bars denote averages and the
primes denote fluctuating components. The quantity W is the mass
fraction of the ith molecular species while we is its rate of
production per unit volume.

Overall Continuity

~ (Pd %) . (LTINS

S« ‘aua = o 2)

where R s unity for bodies of revolution and zero far two
dimensional bodies.

Continuity for Atomic Species

M =— 3T _ Y [z ST .)
7 '—B—‘; + par b‘&" 3"3&9‘3—\:&‘ \9”)11-.. 3

The atomic mass fractionsa, T'“ , are reiaved to the molecular mass
fractions through the definition:

Ta.= % Mo KL ()

-4 -

el o Py
o S Y T
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where /2““ represents th'e mass of atcnic species My per unit
ness ot molecular species (

Momentum
~ &/ NG \__-E_I /. _:(_A_\E._ Y Whia

TR L L
.- - *
S:L\. f_,)g + 94" :"a 3x g '\ S',l. “'!-} 33 S )

_?T\U“L:*}ﬁ(—?‘@”\'”') (6

where fe and Ug are the density and velocity at the <dgc of the
boundary layer. The second momentum equation indicates that the
change in pressure across the boundary layer is small.

—— =i
where the average total =nthalpy {s defined as Yg =2 i b, +-‘g¢
i

and the enthalpy of each species, hi , includes the chemical
enthalpy hf .
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It is now useful to introduce oddy transport coefficients
for turbulent flow.

o d Sia
—(prry @ = S~ (8)

m

— (Y E Ko = Kk
L

{9)
. >
_ N = 0D
(? A'r) KL ? T \"a_ (10)

it is Lo be noted that fiuctuations in A are due to temperature
only so that the definition of equation (9) is reasonable. Prandtl
and Lewis mumbers for turbulent flow are then defined as:

Co (M +e
th_ = i:(’- b ) n

-

- h "'k"r

K + Xg (12)
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Bevause both the molecular and macroscopic transpnrt properties
arise frow similar wechanisws for many gases it seems reasonable to
assume that:

QQ - Lle_ = | an

ot

tUnder these conditiors it can be assumed that enthalpy and the atomic
mass frictions are linear functions of the velocity ratio. With
these assumptions, both the contimiity equation for atomic wass
froctions and the energy equation reduce to:

— D W — YR > i:L170£3
: (1)

This equativu is fdentical with ihe momentum equation except for rhe
term:

Ui

~,
X

1 7 P
¥ g ("‘ )

Po v’

—

|

v

Aithough neglect of this term in the momei,tum equation wil: probably
have little effect on the velocity distribution in turbulent flow,
the assumption of similarity between total enthalpy, atomic mass
fractions and velocity ratio is somewhat questionable in regions of
high pressure gradient. By the reasoning of Lees,(a) the term is
probably negligible if the body sur{ace is strongly cooled because
the increace in density near the wall compensates for the decrcase
in velocity; therefore, the coefficient ot the gressure gradient is
small througnout the boundary layer. This argumenti should be viewed
with some cauticn, howeveur, because other combinations of terms
could be devised such that the coefficient of the pressur> gradient
would be small throughout the boundary layer. Under these conditions
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the terus retained in the momentum equation sould rot lead to
similarity between the enthalpy, mass fractions and velocity ratio.
The advantage of :imilarity is that once the veloc ity distribution
is obtained, the use of the vou Kirmdn mowen tum lutegral equaticn
alone is sufff{cient tc cstimate the skin friction, heat fransfer
and mass transfer at the surface. Otherwise the cotrespouding
integrat equations fur “nergy cud spocies continuity mast olso he
solved.




SECTION 3
CHEXICAL MEACIIONS, MASS TRANSTES,

AND HFAT TRANSFER

5.1 INTERACTTON OF DIFFUSION AND CHEMiCAL REACTIONS

In a chemical svstem in which diffusion plays an important
role, use of the continuity equations {or atomic species is conven-
ient for estimating mass transfer rates. H-wever, because these
equations are formed fronm linear sums of the molecular species
equations they usually are not suificient to completely replace the
molecular specias continuity equations. In other words, there are
usually less atomic than molecular species., A discussion of the
number of additional relationships rvequired is given in Appendix B.
These additivmel iviationships are obtained by making some assump-
tivns about the rates of production, W, . As pointed out in
reference 1, the specific reaction rate coefficients are usually
not known to better than an order of magnitude. Therefore, the
study of limiting cases through utilization of simplified models of
the actual chemical Xinetics is more protitable.

In the first place, it is assumed that sowmc possible
reactions do not occur at all. This entirely eliminates some of the
possible wolecular species from further consideration. In addiiion,
two oppusite limiting assumptions can be made about thaz vates of
production, Wr; . It mipght be assumed that the specific resction
rate coefficients are very small so that reactions car occur only at
the solid boundary or c:tride the boundary layer. Under these condi-
tions the molecular mass f{iractions can be obtained as linear functions
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of the velocity ratio because the troublesome W¢ urerms can bte
ncglected in cquation (1). In most sitvations invelving combustion,
however, the high temperatures in the boundary layer probably lead
to high r1ate coefficients. The opposite limiting case is to assume
that these rate coefficients are very large compared to the produc-
tion rates. Under these conditions the perturbation from equilibrium
caused by dif/usion and convection of species is small. Therefore,
the mixture ol gascz at any point in the boundary layer can be
determined from a knowledge of the atomic mass fracticns, Tes, and
through use of expressions for the equilibrium constants of the
various reactions. This procedure will be adopted for the remainder
of this report. If the disturbauce due to diffusion is of some
importance it still may be convenient to use this approach for the
first iteration in the computaticn procedurec.

3.2 CHEMICAL MODEL

Although a more general treatment is possible, it is now
assumed for simplicity that the surface material is a sublimator,
i.e., 1t passes into the gaseous state without going through a
liquid phase. 1In addition, it is assumed that it reacis with nxygen
to form two possible products of cumbustion, P, and P, , but it
does not combine with nitrogen. The possibility that oxygen and
nitrogen may dissociste or vecombine i{s z2lsc included, but formation
of other species such as NO and ionized molecules is neglected. It
was shuown in reference 1 that these latter assumptions are adequate
for air vver a wide range ~f temperature. A set of possible
reactions in the gas phase are then:

Yo O+ § = V., P *‘Vt’: P, (15)
0,22 20 (16)
N: == 2NN an

-0 -
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where { vepresents the surface miterial (fuel). It is further
assumed that the fue: does not contain nitrogen, bit may conti -
oxygen in additisn to twn atomic specics. £, and 4, . The
equilibrium constants corresponding to the above rezctions are
given by

¢‘._y."

YA

K =AY Y% .o 6 (18)
?f'-,z p iF P‘Jr"; o,

K, = o
- T (19)

|
% - i
Ko o= PO |
~ (20
P, ) |
|
|
The partial pressures P, are related to the mass fractions K i
through:
K
P= = Mme @n

M;
where M 1is the molecular weight of the mixture and ¥ is the
pressuze for the mixture, The equilibrium constants Kp_ are
usually Fnown rather accurately as functions of temperature.

3.3 MASS TRANSFER AT SURFACE

The buundary condition at the surface for macss transfer
can be stated in terms of conservation of atomic species:

P 2 = 5 P 3
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'd

Jhere M oy is the net [lur »fF surface material, while An w is
the net [lux of moiecular species £ at the surface. For each
recaction, conscervation »f atomic species leads to:

Z (V= )y =0 @)

where ol . is the number of atoms of 2tomic species s per melecule
of molecular speeies L . [t 18 1eluted to Nam. through

Nawl = 0lgu! Mm /M, . Simultaneous sclution of the sets of
equations given by cquations (22) and (23) has among the results the
following expression of surface mass flow for the particular chemical
system under consideration:

|

My = M -—\_"_%_ (mkw+ '""o“,) (26)
o Mo

This ecquation states that the net flux of surface material is equal
to the sum of net fluxes dve to the material which sublimes and that
which enters into chemical reaction with oxygen at the surface.

The net {lux rates consist of the difference betwezn the
flux of the species issuing from the surfice and that which reacts
with the surface. 1In other wotds:

» 4 o .
lw = ML:{:-.Q"- My (25)

L[4 .
where 4" (¢ is the flux of species ¢ from the surface, M'\i.b is
the flux striking the surface, and <I';, is the traction of this back
t lux which reacts. In the case of the fue! Q',’. is commonly known
as the sticking tactor or the accommedation coefficient. The back
flux can be calculated easily from elementary kinetic :heoryn):
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, ttw
v T T (26)

AW T
—
h
.

M

/

The outward rates can aise be estimated, but they are
better treated separctely.  In the case of the [uel, the outward
ritte is due to the sublination process. 1he nass flow rate should
depend principally upon the solid surface tempeinture and reduce to
no pet mass flow at equilibrium.  Therefore:

g = e e, (27)
+
U 20 R Tw
My
Here, the quantily ?fpg is the equilibrium constant for sublima-

tion. An expression of similar form could be deduced from the
physics ot the solid surface. The outward rate ;or oxygen has a
somewhat more complex causce. In this case, some of the products
produced by reaction between oxygen and the sur{ace may encounter
conditions in a microscopic layer near the surface such that they
dissociate again and precipitate fucl species on the surface. The
result is that oxygen is released into the boundary layer. Clearly,
such a process must depend not only on the wall temperature, but
also on the presence of the products. In order to reduce to no net
flow at equilibrium, the expression for atomic oxveen is:

\V»'/vo’
N
. T {r K
Mo g = Ve 5 (%) fooe = P, P (28)
(v )"f/vo' AT Ro Tw
\ v Mo
Similar reasoning for molecular oxygen leads to:
V4,
Vo 12
v
/P;\.o = KPP':" ‘_I‘ (P.i\") q-OL (293
4 'IK \v‘x"o' Ya. 2T R Tw
ogy Pc _—
Mo,
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Substitudior of equitions (¥5) threoagh (29) i1 equation (24) leads
to an expression for the net mass flow trom the surface in terms of
wall temperature and the partial pressures or mass fractions of the
various specles. Since equilibrium is assumed for the gas phase
reactions, the wass fractions are related through cquations (18),
(19), and (20). Additional relationships are obtained frcn solutions
of the bounda:vy layer cquatiors.

3.4 AYOMIC MASS PRACTIONS AT SURFACE

if the Lewis number is unity and ithe atomic mass fractions
are linear functions of the velocity ratio, then equation (22) leads
tee the following s2t or expressions {or atomic mass froctions at the
surface:

T _ Ve +/i.,. 08
mw 1+ B (30)
where
40'\...)
B= - (31)

Patle Cre/a

The quantity 8 , which represents the ratio of mass injection to
skin iriction or heat transfer coefficients, often appears in combus-
tion literature. A further relationship between skin friction and

B is obtained from a solution of the momentum equation which will
be discussed in a later section for turbulent flow. The svstem of
equations represented by equation (30) can be put in a more conven-
ient form for the particular chemicel system under comsideration.
Simultaneous solution of equations (30) and (23) leads to the
following equations:

T‘pL
32
e 32)

Kow *KN..\» =

- 14 -
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VUM O ,
KLW - \)L ] M \_‘_";'%Sé - (K'JW"K('L'U)‘] (33)
] (Y]
L6 R,
. 3 ""B' J
Vo' Mo
where B" - V+'M& T
T -4
\)o MO o

The above equations represent iour relations among the
eight unknowns: h‘u.,.,.) Yvw, KPw, Keow ) Mew, Wow , Ko,y ,and B.
Three additional relations are supplied by the equilibrium relations
of equations (18), (19), und (20). If Peur€ge/z is known, wvne
additional relatinn is supplied by equations (24) through (29).
Therefore ail eight unknowns can probably be found as functions of
pressure, wall temperature, and the quantity f‘u,c“/,_ . Su:ch
relations apply to either laminar or turbulent flow. As mentioned
previously, the connection hetwean (o and the other variables for
turbulent flow will be discuseced in a liater section.

3.5 HEAT TRANSFER

The heat absorbed by or radiated away from the surface,
?a , is obtained from a heat halance:

3T : . .
fa= (K30 = 2 ke vaiwhs oy

The heat flux is due to conduction out of the boundary laver less
the difference betwcen heat convected by all individual species and
that convected from the solid whose surface enthalpy is hsg . If
L¢=Pa =1t and the total enthalpy, hg , i{s a linear function of the
velocity ratio, Lhen it can be shown that:
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?;L z feveSre/a L\f\se = hyw - B(hka“)] (36)

vy making us= of expreasions (32). (33), and (34), 74_ can be put
in the following more illustrative form:

;“— = ?"’M"- (ie/:. [L‘se +a, T:)Q QPou_. k@w—ﬁ)‘;w](n)

where ( , _‘}
= < (V- VoimM, .
Qovw = ZL- —‘—-\Zﬁ;— hiw Hé,, how +(1-&) by
{= C/ P‘l P

"\gw = TN‘, (éuw hNN ¢+ ("eﬂw)hnlw)

'U'Toe. (Eo“, how "'(“éow) ho.w)

A = L\ — (14@) (rr.,.,\»w.,_w)/rm,_]
éow = K'ow/(ﬁ'owf K%w) Copw = K"’W/(l’f.,uvlfg‘_,‘)

The quantity wa is the heat ot combustion &t wall conditions,
h gy 15 the eathalpy of air at wall conditions of temperature and
dissociation, and Mg, is the hcat of sublimation. When there is
no combustion or sublimation, both 3 and oy are zero, So that
equations (36) and (37) reduce to the ordinary results for compres-
sible flow with Prandt! number unity. If combustion takes place
ol Aapproaches unity because most of the oxygen is used up.

- 16 -



SECTION 4

FSTEMATION OF TURBULENT SKIN FRICTION

4.1 VELOCLTY DISTRIBUGTION

Inspection of the momentum equation given by equation (5)
shows that 1in the sublayer the shear must increase from the surface
value due to the e¢ifect of mass injection at the surface. The
increase in shear near the wall can be estimatad by :

Y =%, (1+82) (38)

5

- Y

where ’\l: = M _3-:3_ - (?U)
B = Mw e _ 2omw

T Fo s Co

’V;‘u:‘ (P'V)w

Zz = a/"'-:.
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The quantity R, which has appeared in previous relationships, is
a measure of the tatio of mass injection to skin friction or heat
transfer. The exponent & {s introduced in order to trace the
influence of the shear distribution on skin friction. Its vaiue is
unity. This shear distribution should be viewed with the same
qualifications as apply to the constant shear assumption usually
made for turbulent boundary layers with 2o blowing  The shear
should approach zern at the outer edge ot the boundary layer, but
the influence ot the velocity distribution in this region on the
skin triction may be small.

In the fully turbulent regior near the wall, ft is assumed
that, following Van Driect (2 :

4

e am——

T~ v (39)

Introduction of the Prandtl mixing length, Q . leads to:

(40)

’t’:?’fzi

vV
Sl
q‘_{kl

Either the assumption of P qndtl.‘l =Ksa , or the von Kj;man similar-
ity law, £ = k /}‘3)/ "/SAa‘-) , m1y now be introduced. It
is assumed that these formulations, originally develuvped for incom-
pressible flow with little X varfation of fluid properties, apply

to the present case. By integration of equation (40) with the
Prandti assumption, the velocity distribution is found to he given
implicitly by:

Yoa  (ap-w¥F)

Z

@i}

ot
X
=
©

w

- 18 -
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¢ith the similarity law, the result iz:

P
_ Vya o N ]:a. ft’_aﬁla H] 42)
’AQY T K de < o

wicre

@ = rue Y Pu/7,

2 35- Iﬁz ]
v = | (o] 4 |

F‘ = Const,

In both cases the arbitrary functions of X which result from inte-
gration have been chosen so that the vilccity distribution reduces
to that of incompressible flow with no hlowing when the gas proper-
ties ang §?ea§ do not vary. It has been pointed out by several
writers(9 10 that there are many formulations which could be made
to reduce to the incompress.ble relations depending upon where
pruperties in the tunctions of integrat}gs are evaluated. The above
formulation follows that of Van Driest who based these proper-
ties on wall conditions be~ause of the strong influence of the wall
in the sublayer. .Justification can only come fiom a comparison with
experiments. Van Driestc’'s results for compressible 7low on flat
plates have given rather gond agreement with experiments.

The change in variable from to 2 , at comstant x ,
for use in the momentum integral is given by:

- 19 . |
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L - ‘-qulz‘ (ay—rn’)]‘_ﬁ; %
e S Lv, Geaay | 42

H A,

<
shere (3 is zero it the vonm Karmao similarity law is uwsed. and

unity 1t A= Kg/

4 2 SOLUTION OF MOMENTUM INTEGKAL FOR SKIN FRICTION

-

The von Karm::u momentum integral, modified to include the
effect of mass» injection, can be cbtained cither by integration of
the momentum equartion across the boundary laver, neglecting double
and triple correlations, ~r by consideration of mowentum conserva-
tion for an element ot tlvid. The result is:

s — -2
—- .k s __dr «u ¥
ue G JgR e (1- W)y =~ af<,§em"-‘)/)“‘ “
T (1+8) ()

where as betorz R is unity for bodies of revolution and zero for
two-dimensional bodies. It is consistent with previocus assumptions
to neglect the first term on the cight hand sfde of equation (44).
In order to change the variable of integration to the velocity ratio,
2 |, equation (43) is substituted in equation (44). The result ran
be put in the fomm:

D a2 @ (et ® )= Putens®(i+5)
. ot — n J oy w a3
n? olx ( ° ) Uy (43)

e

- 20 -
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- K‘:

where D o

I
- <) P S Fa. ay
)= o/%“' Y—?‘:ﬂ:&z)“} 2(1-3)e dz

L

The quantity & whkich appears in equation (45) {s inversely pro-
porticeal to the skin friceion coefficient based on wall conditions.
Since a* 15 an unknown tunction of X , equation (45) cannot be
integrated as it stands. However, at a sufficfent distance from
the stagnation point, &* shouid be large. This permits certain
approximations to be made. Change of variable from 2 to ¢ makes
it possible to express the fntepral J  as:

Voo
\3 ) j_ ‘o qwd ” (46)
o
- B
where ’ S : -

Successive integration ol J by parts produces:

4 m 'm\ 2
jo [l E e "
A dy lo %7)

For large & with WE‘. of order unity t‘he dominant term yields:

. av -5
WWie “(.fs)“[% (ns)“:! e

.21 -
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In addition, 1 can be showa that 1t g (V22 iy larwpe:
o Dl""? . z . a ¢, i
ou) A gtz ) g ie .
et -y } ¥ =y L d— [

Hguaation 1 t%) can now be inteprated approximately by making use of
vquatiovons {(8) and (49) The tesul!l pives a2 law for variaticon of
turbulent shin friction:

—Cé“ - w>*ﬂl8n 7o Fﬂﬂgcfe Re, { !“?H-B)‘-A( ﬁ) }

e

SV GO
i
re_2 1%
where ¢ = 5} [S’.: (u-sz)“J Az
X

{ 2 F 4
Ro = J Yo Pulens oa

Yo 2 M 7"

1t has been zssumed that the intluence ol wall temperature and mass
fraction variations in the X direction is negligible. If, in
addition, it 1s assumed that the variation of (€ is not signifi-
caat in determining the skin friction, the effective Reynolds numbor
becomes:

- 22 -
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X
/ P e /)Oiva

wTv . ’/um_/)‘};l

e
oA

Re

This Reynoids number reduces to the ordivary Reyiolds number based
on wali conditions Yor a ilat plate, For a conical geometry, where
N =C x , it becomes holf the ordinary Reynolds number consistent
with a derivation by Van priest{1} 1ar the cenical geometTy. The
quantitcy ¢ is unity fcor incompressible flow with no mass injection.
For compressible flow with constant specific heat and nc mass injec-
tion, 5 reduces to Van Driest's result when the enthalpy velocity
variation is introduced In the ~ase of combustion, the evaiuation
ofi @ is wuch mote cowplicated due o tie influence of variations
in the gas mixture through the boundary laycr which affect the
relationsuips hetween density, enthalpy and veloc ty ratio. A
method for obtaining ¢ is discussed in Section 4.3 and calculations
01 ¢ for the case of graphite corbustion are deucribed in

Section 5.3.

Equation (50) slwws cieariy the iniluence of shear varia-
tion and mixiny length assurptions on the sikin friction through the
exponents of and 2 . As is well known, both mixing length formu-
lations lead to the seme result for incompressible flow with do mass
injectien. Equation (50) has the same form is the incompressible
von Karman-Khoenherr law for skin friction. ‘Two arbitrary constanrs,
K and O , appear which must be obtained from experiments. [f
these constants are assumed Lo be the same as those obtained for the
incompressible case, then eguation (50) can be expressed as:

% ¢¥3)

It would be truiy fortunate if these consrants do not have to be
adjusted.

Ve (o)

&

N4
v = 170 + 4.5 Iw&w { G Ew'(%) (“6)

™

4

[\
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it should Le polnted ou that because of the ass.mption of
Jorpe & the skio {olvition iaw does not apply at the siagnation
print of Llunt bodies. o this rogloan, the above formulation tends
to tinite shear stress and infinite heat transfer, both of wiich are
phyeicelly unsound.  However, since the tlow will probabiy nat
bBecome turbulent unti! ot least some small distance from the stagna:
tion peiot, the behavior {n this region fs not o8 Lwportont as in
the case of lamimir (Tow,

VolOBFRECT OF CHEMICAL STRUCTURE OF BOUNDARY LAYER ON INTEGRAL ¢

All of the resslts obtained so far, except for evaluation
of the (ntepral ¢ « have required only c¢valuation of {luid proper-
ties at the body surtfdace or ot the edge of ths boundary laver. In
the case of laminar flow with assuptions simf{lar to those made in
the present investigation, no detailed knowledge of the chemical
structure ot the houndary laver {3 required in order to estimrte
heat transtfer, masy transter and skin triction. However, wilis tur-
bulent flew, [t is not possible to muke the same transformations of
the boundary layer equatfons, because the transport cocfficients
arc not properties of the fluid but depend on the flow field. For-
tunately, with the assumpiions which have been made, the only
difficult quantity to compute i{s the integral db . Its cevaluation
requires a knowledge ot tiie density variation through the boundary
layer.

When diffusion and chemical rcactions occur in the
boundary layer, the density varies not only because of temperature
variations #but also because of changes in chemical composition.
The temperaturc itself is related to the enthalpy, which !s known
in terms of the velocity ratic in a rather complicated implicit
tashion. Not only is Ct more complicated to compute, but in
addition, it depends upon more independent parameters.

¢=. ¢ (hsw/“scj ‘“d"/l "‘SC,TW ,P) B)

The last three parameters must be added in order to determine the
composition throughout the boundary layer. Apparently, a simple
graphical representation of dD is not possible. However, the
inteprand ot ¢5 can be determined if the enthalpy, pressure, and
gas composition are known.
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Fortunately, with the assumptions of fast recaction rotes
in the pas phase and Le =1 , the gas compocition can be determined
in terms of a sinple parameter, . This can be seen through uvse of
cquation (30) for the atomic mass fractions at the surface and use
of a lincar relationship with the velociry ratio. Tntroduction of
the parameter § , defined beiow, then yields the following expres-
sion for atorie ~a.,s fractions at any point:

TM = (U(,w\; ‘:410\ _Twe\)f + g (53)
+
where § = ( 2> TR

In order to actually compute the density variation, the molecular
mass {ractions must be found. These are obtained by simultaneous
solution of equations (53) and (23). For the chemical syslem under
consideration in this report the results are:

W

i

¢ 3'—"3(' f)*"\*M (Ko rh’o) (54)

V"M :
i Ve Mo \_loe_ (1-§) — (o v ‘fo,,)—_] (55)

=R, P,

c-

' vﬁux':.‘rbe (""'?)

(56)

In addition to these expressions, the equilibrium constants given bv
equations (18), (19), and (20) serve to determinc the system.
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The relationship between € and the velecity retio in the
boundary layer depuads on the wall covuitions of mass transfer which
determine B . Wwhen tue moiecular composition {s obtained at cach
location in the boundary iayer, then the integrand of 45 cau he
evaluated in terms or enthalpy and prcsqur(' and @ computed
numerically from:

i

- | 7 7 o 1 /7
S [-_5?..._— ] 2
- | e—— (2 »
¢= 1 ?cms\“j j Ph-5)* 1 ¢ (57)

4]

1t should be noted that the enthalpy is related to the wall and free
stream houndary cond{r.imw.dnd the velocity ratio, 22 , through:

\ . )
(hee ‘-hs..,)Z'Haw“i‘iiLz" (58)

As stated above:

5 ;/;.: ¢ (P h g)

| P (-gY 9

The numerical computations are 2ided by determiaing the integrand
‘+ as a function of pressure and enthalpy at various fixed values
of § . It can be seen [rom the definition of § that it is zcro
at the cuter edge of the boundary iaver und {ncreases toward the
surface when there is mass injection, The surface value of the
composition parameter, fw =B8/('+B)Y , can be obtained in terms of
the mazs transfecr conditions at the surface. Under assumptions
previousiy made, its value depends upon wall temperature, pressure,
and the parameter foueGef. Thus evaluation of requires
simultaneous solution of equations (52) and (57).

- 26 -
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It addition to fg,anothcr important value of § is that
which occurs at the place where the reactants are in stoichiometric
proportion. Equation (54) shows Lhat this value of f i3 given by:

<
= e (50)
1+ 8

This value of § occurs in the interisr ol the combustion zone, a
reglion where the major porticn of the combustion reaction takes
place. For most combustion reactions the equilibrium constant given
by cquation (18) is very small for the environmental conditions
which oceur. Therefore, in the combustion zone the mass fractions
of the reactants are small, Under thesc conditions the model of
reference | is well approximated. The boundary layer is divided
into two regions by a thin combustfon zone. On one side of this

- zene oxygen is mixed with products and inerts while on the other
side fuel is mixed with products and inerts. An cstimate of the
thickness of the combustion zone for the case where combustion takes
place in the gas phase is given in Appendix C. 7Tf wall conditions
are such that the reactantq are in stoicalometric propnrtion at the
surface, then $4= $¥ . At lower values of §, the excess of
oxygen increascs at the watl until finally the combustiou reactlion
docs not take place at all lf§ <0 -

- 27 -



SECTION 5

COMBUSTICN OF CRAPHITE

5.1 CHEMICAL CONSIDERATTONS

As in reference | the combustion ot graphite {s investi-
pated nume rically becduse a great deal of data is available on this
substance, The cowbustion process is assumed to be adequately
deseribed by the single redaction step:

C+0O0 = Co (61)

The formation of C0p which will only occur in appreciable quantities
at low temperatures is negiectod. In couformity with previous
assumpticns reaction with niirogen which requires extremely high
temperatures is also neglected. In addition, the ferm of the carbon
mslecule fin the gascous state is assumed to be monatomic, although
recent experilinents, (12) (13} jndicate the possibility of C3 forma-
tion during sublimation. Since this quustion is not entirely
settled, the simpler configuration is assumed for purprses of
illustration. All of the above complications could be included
with slight moditication of the analysic,

The basic data listed in Table 1 »of reference 1 are
utilized 1or the present calculations Additional data are recuired
because of the somcwhat more general trcatment of the combustfon
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——

process in the present analysis. Eouilibrium constants fitted
empirivally to data of reference (l4) are as follows:

g _}.55371:;105
£ = Ke, Z 1.359Gxr0 € T (62)

s
P P F] «-2.37607x10
<o _ I > 3,0172ax10 € T
= Peo = (63)

[+

The equilibrium ronstants are in atmospheres while the temperature
is in degrecs Rankine.

The sticking factor or accommcdation coefficient, <™ , for
graphite sublimation is taken as 0.3. +This fits the data of
references (15) and (16) over a moderate temperature range (up to
about 3000°K) assuming that the vapor 1s monatomic carbon. In
reality the acconwodation coefficient probably varies with tempera-
ture but the single consiant value is consistent with the present
state of knowledge. The value of < for monatomic oxygen is
assumed to be unity while that for diatomic oxygen is chosen at the
two extremes, zerov and unity, for purposes of {llustration.
specially designed experiments are required in order to determine
these coefficients.

5.2 GENERAL SURFACE MASS AND HEAT TRANSFER

Calculations have been made for graphite by means of
several IBM 650 programs using the analytical results obtained in
Section 3. Since nonequilibrium surface conditions have been
congidered, it is necessary to know a flow parameter in addition to
surface temperature and pressurc in order to specify the burning
rate. This parameter, PeueCie/a , is a mweasure of rhe transpert
of properties to or from the wall. For a particular body geometry
with given local free stream conditiuns as well a3 wall temperature
and pressure this parameter can be obtained through use of the skin
friction law of cquation (52) for turbulent flow in conjunction witk
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/’

equations (18) through (20), (24) through (29), and (32) through
(34) sJur the mass [ractions at the surface and B. tn Lhis section
the quantity is created as an independent variable so
that the results apply to any geometrical configuration in laminor
or turbulent flow. All of the above named equations except
equation (%2) are utilized. 1In Scction 5.5 calculations are
described four the particular case of a hemisphere in turbulent flcw.

In Figure 1 the mass injection parawmeter, B, is presented
as a function »f wall temperature, flow parameter, and accommodation
coeftficient for a fixed pressure of one atmosphere. The entire
repicn below B = B* represents conditions under which the combustion
process is controlled by chemical reuction at tle surface. In this
region an appreclable quantity of oxygen is not consumed by the
reaction, At low temperatures the value of the accommodation coeffi-
cient for molecular oxygen has considerable influence on the burning
rate while at higher temperatures, when most of the oxygen becomes
dissociated, it has litrle offect. All of the curves swing almost
vertically upward at still higher temperatures due to the sublims-
tion of gascous carhboun. The sublimation rate eventually becomes
sufficiently large to drive the combusticn zone aw2y trom the surface
so that B B*. Under these conditions the diffusion of oxygen
toward the wall is not suttficient to consume the flux of carbon
coming ctt due tu subiimation.

» The lower valuces of the flow parameter result in higher
values of B. When the {low parameter bccomes sufficiently low it
has ne influence at ali so that equilibrium is approximated. At
high values of the flow parameter the quantity B becomes very small.
This dependence of B on the flow parameter has a significant effect
on the heat transfer rate given by equation (37). The factor
exuibits a similar behavior as shown in Figure 2. The net effect of
these factors is presented in Figure 3, where a portion of the
enthalpy potential, namely, , is presented
as a function of the wall temperature and flow parameter at one
atmosphere pressure. The flow pcrameter actually has the opposite
effect on the surface mass loss as shown in Figure 4. Higher values
of the flow patameter result in higher surface mass losses.

The effect of pressure on B, and enthalpy potential is
shown in Figures 5, 6 and 7. Increased pressure has an effect

similar to that of decreased flow parameter. Equilibrium is wore
ncarly approached because of backscattering toward the surface.

’
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5.} FEVALUATION OF ‘I'F INYEGRAL <t FOR GRAPHITE IN ALR

Ry makiug use of equations (54) through (56) in addition
to equations (18) through (20) tiie molecular mass fractions #y can
be obtained as functions of tewvwerature and pressule [or constant
values of . The entha.py of the mixture can be substituted for
temperaturé as 4 variable. Thewefore, the integrand, [#/PU-1" ",
which occurs in the exprt.s‘on for given by equation (57) can be
found as a function of the inthalpy of the mixture and tne p*essure.
Since the molecular species are forced to include C, CO, 0, O,, N,
and Ny the enthalpy of the mixture will not necessarily be zero at
zero temper-iurc because of the heats of formation of C and CO. A
shift of this datum so that all enthalpies are zerov at zero tcmpera-
ture makes it pnssible to obtain a universal curve for the integrand
of over a considerable range of pressure, enthalpy and . The
heat of formation for the mixture can be approximated by expressions |
linear in § . When ¢ % T, K,Z O at low temperatures so that
from equations (54) and (55):

el ™ e
§< 5" he2 % ho § (64) :

f fzﬁx, (KO*KO,.)%'O so that:
§=2¢" L'z [OesYh. - Mo Tl 1? [kfﬁ*-,,;i‘~365>

The relevant numbers for graphite have been substituted for the heats
nf formation and the results of calculati~ns for the integrand using
the full set of equations (54) through (56) and (18) through (20)
with the nixture heat of formation subtracted out have been plotted
in Figure 8. Values of § equal to zero which represents air, § *
which represents the combustion zone, and 2 § * which represenis a
fuel vich condition were chosen.

A fit to this distribution was obtained by adding a corre:-

tion term to that which results for air treated as a perfect gas.
The expression for the fit i{s as follows:
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! C.06T7 =9 ’H)""

~ ) : ¥ 1
\ _ /L 0. 4+8Bx0 7 ( (66)
* (H:h-—h")

where H is Lhe enthalpy with a shifted datum given in BTH/1h, A
sligntiy better fit may have beer cblained with another form fer
the correction term, but the one chnscer allows easy analytical
intepration of

The result of integration is as tollows:

i AN -t \
¢ - lr_ L2075 %0 {B.“_‘“\_“);)E-,l‘( '”"‘.._(.Z_.L' b.) esime i\

c
e, b,* 4., L,‘m.r.)
~4¢ 2C, —b, ",
TS X o i 1 ob (l\, - b G ""? (67)
ac, 4c, !
SR
g o7 L{s S g/0 i%_;__‘”;)_J,(s,-'( C;i b, 2]y )
x
'y hl“’“l bm (L
v 015 g0 {@‘Ji—ba)('*\ + bl
4cC, T ae, g

+( Veensao i, 8*‘“ N 3 ) <Sm (2,-w) Sm"('h.—lfui')
< o
ot S )

(68)
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",

where | S “"'

(1e8)" (iv PR T T ﬁe)

B
-+

a, = h, +4020.1-

&

b| = hse _'6\'

Ue*
A

x_ B 8"
B(HB‘)

’ - [
GJ.: ("\5\“ 30/ h4l.3-\T‘)

+ 51274
byz L e-a,+5127
c. = 425
LY

Although the above expressions for ¢ appear rather
formidable they actually represent a great simplification in that
they are analytic. As pointed out in Section 4.3 @ is a function

of five independent parameters.

it should be noted that whea B = U equation (67} gives a«
relationship for turbulent flow of alr over nonreacting surfaces
including the effects of dissociation. At low temperature?. smder
these conditions the results reduce to those uf Van Driest.(?
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5.0 INVISCLD FUW FIVLD FUK BLUNT BODIES

For purposes or illustration heat and mss transfer on a
hemispherc will be described in Scetion 5.5, The hemisphere is a
simple geomeiry ropresentative of hlunt body shapes. A detailed
investigation i the inviscid flow field cn blunt bodies is beyond
the scope of this veport but it deserves attentinn hecause turbulent
heat und mass transfer are more sensitive to the fiow field than the
laminar rates. A review_and extension of this problem was receuily
presented by Van bvke . 27 e peints out that for the hemisphere,
wouitied Newtoniun flow as proposed by Lees ) gives good agreement
with his more elaborate numerical calculations, at least up to
about fifty or sixty degrees. Lees 18) a1s0 preseats some experi-
mental correlation with Newtonian flow for the hemisphere. 1n view
of these comments it appears that use of modified Newtorian flow on
a hemisphere gives an ada2quate description of the pressure distri-
bution fur use in illustrating the heat and mass flux disiribution.
The pressure distribution is therefore given in terms of angular
distance from the stagnation pcint by:

z
P/P.Tl = P‘/R,,_ v (1- P‘/Pn)fos 6 (69)

The pressure ratio, F%}/Fﬁ , acress the normal shock {s affected
very little by dissociation. However, there is a strong effect on
the density ratio, S*ﬁ/ . , wiich is required in order to deter-
mine the heat transfer. Plots of the variation of these quantities
with free strcam velocity and altitude is given by Fcldman in
reference 19. The pressure aud density serve to determine the state
of the gas at the stagnation peint. In order to determine condi-
tions at some other point on the body the assumption that the air
entering the boundary laver is at approximately rhe same entropy
level can bz used in addition to equaiion (69) for the pressure
distribution. Other thermodynawic variables can then be determined
from Malier charts., However, when pressure varfations are moderate
an approximate method is simpler. This wethod consists of intro-
ducing a polytropic pressire density variation at constant entropy,
ie., P [ ¢ = const, where the exponent ', is defincd by:

Y
\QL = ( \tﬁqfkj}s

(70)
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A plot* o7 Ye. vs free stream velocit; is given in Figure 9 for the
pressure 1imits shown. The value ot Y s only of importan:e in
regions far away frem the stagnation point because at smali distances
the density is approximately constant.

With these assumpticns the local mass flow and kinetic
energy which occur in the heat transfer ¢xpression are given by:

AL 3 S AR N

-~

Ut _ \’(_) A" P.,.,__:f_._ [__p !—‘5
Zhe ~ \ ! )en. s T ' (PP;’-) ] a2

Another required quantilty Is the cfiective Reynulds number
for use 5n vbtaining the skin friction coefficient. For the
von Kérman similarity law, with (3 = 0, this parameter for a
hemisphere is given by:

LAV m ik
§=: ( R&ur) Vol )‘jrhil ;) J&ﬂ‘ﬂa
&, (Pﬁ . 2\ 3
R P -
P f1 k'M J {%%L) ‘( Sin 6

* The author 1s indebted to Dr. S. Lampert of Aeronutronic Systems,

Ton for suanluins thie -n—nn‘-
Inc, for suppliying thics
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In arriving at this relationship variations in wall temperature anc
wolecular weight along the bodv have been neglected. The quantity
e“.g iz the free stream Reynolds nuwmber based on the radius of the
hewiephere. The parameter R is plotted as a functicn of Mach number
and position in Figurel( If the wall temperature and the free
stream conditicns upstream of the shock are known the effective
Reynolds numhcr,(ﬁg“%uyﬁt wT , can be found at any body location.

5.9  HEAT AND MASS TRANSFE® DISTRIBUTIONS OM A HEMISPHERE

Without adequate experimental data it is too much to
espedi that the present semi-empirical analysis will give accurate
quantitative predictions of heat and mass transfer  However, if
guod judgment has been used ia chousing the important chemical
reactions and making physicai assumptions, the trend of thesc
phenomena may be predicted by making use uf the analysis.

Forced convection heat transfer on blunt bodies with
nonreacring surfaces exposed to hypersonic inviscid flow coanditions
has received considerable attention in recent years. It is there-
fore interesting to determine what the heat and mass transfer
distribtutions mav be under similar external [low conditions when
the surface reacts with the environment. The combustion of a
graphite hemisphere exposed to free stream conditions corresponding
to Mach 10 flight at altitudes of 100,000 or 50,000 ft has heen
chesen as an example. In addition to Mach number and altitude, the
free stream Reynclds number and thc wall temperature must be given
it order to specify the heat and mass transfer. Two Reynolds
numbers an order of magnitude different have been chosen tor each
altitude. The wall temperature was varied fiom 2000 to 5000°R.
Some assumptions about the accommodation coefficients must also be
made. These were chosen as g = 0.3, Up =1, and Tp_ = 0 for
purpeses of illustration. *

In order to carry out the computations the inviscid flow
field considerations of Section 5.4 were combiped with equations (18)
through (20), (24) through (29), and (32) chrough (34) for the mass
fractions at the surface and B; equation (52) for the turbulent skin
fyxicrion law; cguations (67) and (68) for ¢»; and equation (37) for
the heat transfer. Use of the turbulent skin friction law eliminates
the flow paramcter, QeueCe /2 , as an independent parameter
for the particular case being studied. The computations were
accomplished by means of an IBM 650 program.

- 3 -
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Figures 11 through 14 contain distributions of heat [lux,
mass tlux, B a8 & , respectively, for the 100,000 ft altitude
while Figures 15 through 18 contain corresponding distributions (or
the 50,000 It altitude. Comparison of these curves shows that the
level of both heat transfer and mass fiux is almusi an order of
magnitude higher at the lower altitude at aporoximately the same
Reynolds number and surface temperature. This is due to the strong
influence of thc free stream density in turbulent flow which is
reflected in the locel value of {PeUpe . Because the skian friciion
is only slightly affected by variations in Reynolds number, the heat
and mass transfer rates vary little with Reynolds number at low
temperature. At high temperature the gencral heat and mass transfer
plots of Figures 3 and 4 indicate that there is much more sensitivity
to the flow parameter for <J,, = 0. Therefore, variations in-
Reynolds number have a moderate influence at high temperaturc as
shown in Figures 11 through 18.

The heat flux variations between 6000 and 8000°R shown in
Figure 11 for the 100,000 ft altitude show a rather confusing
pattern which can be explained, however, by a comparison with the
corresponiing conditions for B and ., presented in Figures 13
and 14. The confusion in this temperature range is caused by the
rapid occurrence of gas phase combustion as illustrated by Figure 13
and the rapid consumption of oxygen at the surface as shown by
Figure 14 when the temperature is increased. The heat flux varia-
tions at 50,000 ft display a more regular appearance as shown in
Figure 15 becausc gas phase combustion i{s not approached in the
temperature range shown. The prevention of gas phase combustion at
che lower altitude is primarily due *o the effect of increased flow
parameter.

At low temperaturcs the heat flux dictributions in both
Figures 11 and 15 exhibit a peak value in the vicinity of 40 degrees
on the hemisphere. This behavior is characteristic of turbulent
heat flux distributions on ron-reacting blunt bodies at hypersonic
speeds. Urder these conditions the enthalpy potential is only
slightly affected by surface cnnditions and the skin friction coveffi-
cient varies moderately with geometrical location. Thus, Lhe flow
parameter, f U C3¢/2 , and hence the heat transfer reflect the
variation in @, U, around the body.

The mass flux variations shown in Figures 13 and 16 also
exhibit a peak flux near 40 degrees in many cases in spite of a
diflerent shape in the B distributions of Figures 14 and 17.
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ity Figure !9 e variation of the integral ¢ around
the hody 1s shown. The value of is rewmarkably clise to unity,
the invowpressikle value. This is” because at high temperatures the
inteprand of @ is mainly in the flat portion of the curve shown
in Ffigure 8 throughout the boundary layer.
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APPENDIX A
LURBULENT CONSSRVATION EQUATLIONS

FOR REACTING GAS MIXTURES

The turbulent conservation equations have been studica tor
compressible flow in references (2) and (20). A similar fuvestiga-
tion is carried out here for reacting pas mixtures in a slightiy
dif ferent manner.

The instantaneous value of each of the unkuowns is
separated into a mean and a flurtuating part such that:

- [l
’

Z £ 2 (A-1)

where 2 may be any one or any comblualion of the physical variables.

lntroduction of expressions such as equation (A-1) inte the tull
instantaneous conseivailon equations {or reacting gas mixtures and
gveraging according to the Reynolds rules for ti dverages yields
the fol.owing conservation equaticns which inclu correlaticns
hetween fluctuating components:

Continuity for iolecular Spzcies

N AL L L R R -
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—y
shere T, ie the mass fraction, Q—d‘ *he diffusion veloacity aia
- is the mass rate of prcduclim{ per unit volume of the (Th
specten. Lt is assumed that diffusion due to jcnperature and
pressure pradients is negligibie cmpored to that duc to concentra-
tion pradients and that ali ditfusior coeflicients are equal. Undds
these conditlions 1he average of molecular diffusion terms can be

expanded to pive:

- .
(i, ,7—.4-;) =T

o1

BV - D'V~ (§0'P'S r P0)0x o)

witere ) is the diffusicn coetficient. Two additiunal continuiiy
equations can be formed from linear sums of equation (A-2).

Overal]l Coentjouity Eguation

22 cvdpf) = 0 (56

This equation is ovbtained by summing equaticn (A-2) over ¢ .
Continuity tor Atomic Species

.\':

iJ\'—-ﬁ + Ve ?fl + (;J?\T:.: ro2n, (x ;}:1} =0 -9
. [3 +

where Vam = 2 L Yf;_

i is Lhe slomic mess fraciion of species 4 trrespective of
molecular configurslion and A, is the mass of atomic species

44 per unit mass of molecular species ( . This equation is
obtained by multiplying each expression (A-2) bv Nas, and summing
over . The assumpiion of «gual diiiusion coefiicients leads to
the tollowing expansion for the diffusion terms in equation (A-5):

- 42 -
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VURBULENT CONSERVATION E JUATIONS

’.,{‘_‘ . . -y — —

¢ 'u.(?‘.zg‘,._) - POV T povT’ (pmom u\me
’

Momentum

DL v [(P TP -F J=0 o

.

The averape stress tensor is in expanded form:

Hgffe

e

,.3

B (e*~/a }\T +/ué.?>5
: /;-;; F + ;4'(?’ (A-8)

is the cvefficient of viscosity, ]:

is the unit tensor,
Ls the vate of strain tensor and P i

the pressure.
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s e o e e

(= A - EE; \ Y
(Q - (P ePLeg)s
I . “( ",-1. (A-9)
‘f‘??’ ({- Hehe & ) |
) (el g) = o
v ¢ 2 /

where hb i{s the total entudlpy including chemical enthalpy and
kinetic energy, W_ is the enthglpy of Lhe it gutlecular species

including chemical ener,v, and (; is the flux of heat by cunduction

and diffusion. The avecsage of mnlecular dissipation, work and heat
transport is given by:
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PFEHE - 3 (av oue )T [T
— - R | (A-10)
1'[",145"-3;/0'7-7’11'} }
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Equaticn of State

-1

g']

P Ko

=

M

Tl
il

(A-11)

< 1
= £ WA

L

.

zl-

where

Tu each conservation relarioen given vy cquaticns {(A-2),
(a-9). (A-7) uand (A-9) the first term inside the brackets represents
the influence of convection, while the second term represents
transport of properties hy turbulent motion. 1In the case of the
momentum eguation this latter term represents the Reynolds stress
tenscr.

The third terwmz whicrh involve averages of wmolecular trans-
port quantities have been expandicd in equations (A-3), (A~6), (A-8)
and (A-10). In each of these equations ihe {irst rerms or gruup ot
terms do not involve any fluctuating cowpouents. Near a body surface
in the laminar sublayer where all fluctuations are damped out due tn
the influence of the surface and property gradients are large, these
first terns are dominant ones. In the fully rurbnlent regiou, how-
ever, the turbulent transport term: overshadow all components of
molecular transport. Presumably, in this region the various compon-
ents of the dvevage molecular transport terms which involve correla-
tions between fluctuating transport properties or fluctuating gradi-
ents and other fluctuating quantitier will be no larger in magnitude
than the largest componeant of the corresponding term invelving only
average transport properties and gradients inm equations (A-3), (A-0),
{(A-8), and (A-10). Since it is to Le expected thal ali couponerts
of the turbulent transport terms are ahout the same magnitude each
component involving correlations between molecular transport
fluctuations will be overshadowec by the turbulent transport terms
in the fully turbulent region. Presumably, corresponding deriva-
tives behave the same way. Theretore, it should be neca2ssary to
retain only the {irst term or group of terms in the expansions
given by equations {A-3), (A-6), (£-8) and (A-10), excent possibly
in the buffer layer between the subiayer and the fully turbulent
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region. No atilempt will be made to account tor this latter compli-
cation in the buffer layer. ‘The last term in the energy equation i
vod to doutlc corrcia

2

a triple correlation and should be small comparad to doutlc cors -
tions. In addition, it is assumed that (Z &'k e Y<<(s ah; o & ).
- ° -

In the medan steady state, then, only the first two terme in bracke:-
of the conservation enuations plus rhe first terms ol the expansions
are retained. The equations are now prepared fur introduction of
the usual bhoundary layer assumptions which lead te the equatiors of
Section 2.
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APPENDIX B
DISCUSSION OF THE NUMBER OF INDEPENDENT RELATIONS

FOR MOLECULAR SPECIES

Although it may be intuitively obvious that the atomic
mass fractioons, T, plus the rates of reactior, Wy, are sufficient
to determine all of the wolecular mass fractions, pr; , it is of
interest to show this in a formal way and also tu show how many o
these quantities arc required. Suppose it is assumed that thz
system contains P molecular compounds formed by reactions between
air and the surface materiai and that thesc¢ wolecular species are
huilt from § atomic species. Then the atomic mass fractions are
given hv:

e .
T e
— = 2 dmt(_ﬁ-) Avz 2 - %
MM L= b L

(B-1)

where ©f4ue is the number of atoms of atomic species - ccntained
in molecular species ¢ and may be zero. From the theory of linear
equations it is known that if the rank of the matrix of A is
then equation (B-i) represents /L independent equations fui the P
molecular mass fractions .+ In order for equation (B-1) to have
any sclutions at all it is required that there be (-2 ) relations
among tie § atomic mass fractions Twm which can bé dbtained by
makirg the Tw's orthogonal tc the solutions, if any, of the hoao-
geneous equation formed with the transposed matrix. These relations
eliminate any superflucus equations from the system. In additiom, it
can be shown that the rates of reaccion, M-"‘-_ , satisfy:
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Lquation (B-2) has ( ~A) independent scidtions so that
it (n) ol the wi> are known the rest can be determined.  These
() production rates are reiated in a nonlinear way t~ tte malecular
mass fractions tiroupgh tie law of mass action:

21._ g ks or ".;',’ P ,Pr,."'l”'r
wm T My .e—..w“"* -V, )[.‘u_ ‘j_,,(",:,;’) - '"‘b(?_.. (‘p.") | *
L - ‘Il ' P

The products are taken over all specics which cnter into a
siven reaction, £, while the sums are taken over all of the L.
recactions which occur. The gquantities k, and R, are the torward
and backward rate coefficiens, respectively. The (P-2 ) indepen-
dent uquatin#§ (B-3) plus the L Independent equatinony (B-1)
represent a total of P equations for the P unknowns ¢ I
assumed that among the roots to this nonlinear set of equations
there is one real roct for each K between zero and unity,

is

In addition to the fnformation already obtained, it is
possible to determine how many reactions can occur between the
chosen set of molecules and to find a set of reactions which can be
regrouped to cxpress the actual reactions. The molecular weight of
molecuiar species { can be obtained by summing the weights of all
atomic species which {t contains:

S
M2 S i M ’ (B-4)
LI K y = - PN 4 -
Y - LM Lol (= ') )_) I’)
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Since s is just the transposed matrix of m, , it Is
also of rank n . Therefore, in order for the set of equations
(B-4) to be comsistent it is necessary that the M satisfy (¥.a )
relationships obtained in a manner similar to that described for the

m’S . These (-2 ) relations among the molecular weights can be
rearringed to give the actual reactions themselves:

fe]

Z l\) . ’ — g~
S, Vo -V \Mt =0 £ - b2 (P-A.) {B-5)
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APPENDIX C

ESTIMALION OF COMBUSTION ZONF THICKMESS

An estimate of the thickness of the combustion zene can bt
obtaincd in the following wanner. Let:

| -— 1
/}-_ R h/i' dg )g— - (C-1)

el

by, ((Form,) o g ey
(C-2)

A

Differentiation of equation (54) with respect to 3’ then leads to
the following expression;

[ B5e8% \ | (W), e
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From the detinition of § eiver by cquacion (53)  the change in
velocity ratio is related to the change in f through:

13

lazl = 2 |a3] (c-4)

it % and M%e  are the sawe order of magnitude it seem reasonable
to define a characteristic change in velocity ratic by means of:

LY = 2 ———)-("’é* (%) (-5
14 R”

As disrcussed in Section 4 My {5 often very small at the
combustion zone. Under rhese conditions the velocity change across
the combustion zene s very smali. 1In the tully turbulent region of
the boundary layer, however, the velocity changes very slewly with
distance from the surface so that in the turbulent region the cow-
bustion zone may appear rather thick even when the velocity change
is small. In the sublayer where the velocity changes extremelry
rapidly the zone must appear thin. When ﬂf‘ gy~ iw soall the
boundary layer is rather sharply divided intc two separate regions.
On one side of the combustion zone oxygen is mixed with products and
inerts while on the other side gaseous fuel is mixed with products
and inerts. Since (I, 33" depends on & %, temperature and
pressure the thickness of the combustion zone can be estimated as a
function of B, temperature, and pressure at the combhustion zone for
any particular chemical system.
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HEAT PLUX, §ru, 5 (BTU/sec-ft?)

106

80

60

40

20

-20

ALTITUDE= 107,000 it
nq. = 10
R.|." 106

-

— — — R 1O

Tu =

v.c‘ 0.3
w1
N0

ANGULAR DISTANCE FROM STAGNATION POINT, &
( DEGREES)

FIG. 1! WFAT FLUX DISTRIBUTION ON HEMISPHERE--~
100,00 FT ALTITUDE

- 63 -




NET MASS FLUX,ay,, (1b/sec-£t?)

0.006

0.005

0.00n

0.003

0.002

0.001

Ty =

(°R) 3000
ALTITIDE =~ 100,000 ft
/ M, = 10
Ry = 10
Y = 0.3
V. -1
T¢‘_' e

4000
e e ___ | N

10 20 30 40 50 &0 70 80

ANGULAR DISTANCE FROM STAGNATION POINT, @ ,
(DEGREFS)

FI1G.

12 MASS FLUX DISTRIBUTION CN HEMISPHERE--
100,00u FT ALTITUDE

- 64 -




c.2 |-

ALTTTUDE = 100,000 ft

M‘ = 10
6
R.m = 10

—— —Rayy = 107

v, =0.3
Ve =1
v’."' 0

0.1 =~

— ! 4000

1

i

10 20 30 40 50

60

70

ANGULAK DS tANGE TROM STAGRATION POINT, O ,

(DEGREES )

FIG, 13 DI' RIBUTION OF PARAMETER B ON HEMISPHERE--

100,00) FT ALTITULE

- 65 -




ALTITUDE = 100,000 tt
M, =10
Re,q - 108
— — — Ra,q = 107
1.0 Ll R
8000
Ve = 0.3
V. = ]
0.8 - %
0.6 r—
0.4 r
0.2 \\
™ -
\“ .-_502 -
—000 .
0 J==.t—L7A029L A 1 i 1

0 10 20 30 40 50 60 70

ANGULAR DISTANCE FROM STAGNATION POINT, @ ,
(DEGREES)

FIG. & DISTRIBUTION OF PARAMETER @Ly (N HEN1SPHERE--
100,00¢ FT ALTITUDE

- 66 -




ALTI™DE
M,

— — e R“R
Ty = Ve
(“R) a

200 Ve

V‘,‘

- 50,000 1t
- 10

= 1.3 x 107
~ 1.3 x 10°
= 0.3

al

=0

50,000 FT ALTITUDE

- 87 -

Nﬁ
s
S 600
-
=
S
£ %CC
-
wd
|79
[ ]
Q 200
)
=200 |-
i I t ! 1 ' |
0 10 20 30 40 50 60 70
ANGULAR DISTANCE FROM STACNATION POINT, &
(DEGREES)
FIG. 15 HEAT FLUX DISTKRIBUTION ON HEMISEHERE«-




NET MASS FLUX, e, , (ib/sec-£t?)

0.04

0.03

0.02

0.0t

Ty =
{°Rr)

ALTITUDE = 50,000 ft
M, =10
Reg = 1.3 = 107
— — —Re,y - 1.3 x 10°

. =03

Vo " 1!

Vo = 0

-
b

3000
SR . . N— 4 i
0 10 20 3o 40 50 60

ANGULAR DISTANCE FROM STAGNATION POINT, @ ,

(DEGREZS)

FIG. 16 MASS FLUX DISTRIBUTION ON HEMTSPHERE--

50,000 FT ALTITUDE

- 68 -




>
5
]
(]
)
=}
&
L}

50,000 ft

M, -~ 10
7
Rey = 1.3 x10
" 8
__....._._R.“ = j.3x 10
v. =0.
O.Zr- '; -}l
v. -0
=
B ~ B*
0.1 |
T
~ g 2. _ _
o L AJNC P 1 1

0 10 20 30 40 30 60 70

ANGULAR DISTANCE FROM STAGNATION PUINT, &
(DRGREES)

FiG. 17 DTSIR.BUTION OF TARAMETER B ON HEMISPHERE--
50,000 FI ALTTTUDE

- 69 -




1.0

0.8

0.6

G.2

ALTITJIE= 50,000 ft
M, = 1¢
—_— Ry, -l
——— Rey % 108
ve - 0.3
vy =1

Ve, =0

(3

i

70

ANGULAR DISTANCE FROM STAGNATION POINT, @ ,
( DEGREES)

FIG, 18 DISTRIBUTION OF PARAMETER W€, ON HEMISPIERE--

50,000 FT ALTITUDF

- 76 -




Ty ™
("R)
.ZQE'K
1.2 ——
—————tm__
1.0} —
‘\
0.8+ -
0.6 ™
ALTITUDE = 100,000 £
M, =10
R' - lcb
0.4} w
Ve * 0.3
Vo =1
.= 0
' 4 ‘ v;‘.
0.2
0 ] L 1 3 1 N J

0 10 20 30 40 50 60 70

ANGULAR DISTANCE FR(M STAGNATION PCINT, & ,
{DECREES)

FIG. 19 DISTRIBUTION OF 1i¥TiGJAL ¢ ON HEMISPHERZE

- 7% -

" Best Available Copy



